Assuming the low molecular reorientation approximation, the formulae for the third-order electric polarization induced in liquids composed of rigid noninteracting dipolar, symmetric-top molecules in spherical solvents were derived. Our medium is acted on by a strong external dc bias electric field superimposed on a weak ac electric field, and the classical SmoluchowskiDebye equation for rotational diffusion of the symmetric-top molecules is applied. In order to highlight the influence of the anisotropy of rotational diffusion tensor components and the orientation of permanent dipole moment of the molecule on the complex linear and nonlinear electric susceptibilities, we present three-dimensional plots of the linear and nonlinear dispersion and absorption spectra, for different values of the frequency of ac electric field. 
Introduction
Linear and nonlinear dielectric relaxation phenomena in molecular liquids, although discovered many years ago, are still the basis for wide experimental and theoretical studies. The Smoluchowski-Debye model of rotational diffusion of noninteracting, spherical-top molecules in solutions has been successfully applied in description of linear dielectric relaxation [1] [2] [3] , the optical Kerr effect [4] [5] [6] , the light scattering [7, 8] , various phenomena connected with the third-order electric polarization in liquids [9] [10] [11] and especially the nonlinear dielectric effect (NDE) measured at the frequency of the probe field [12] [13] [14] [15] [16] [17] [18] . This last effect, named the Langevin saturation, is characterized by a negative contribution to the nonlinear electric susceptibility χ(−ω; ω, 0, 0), due to a decrease in the potential energy of the polar molecules in dc electric field.
The Smoluchowski-Debye rotational relaxation theory has been extended to non-linear effects by Kielich and his co-workers [9] [10] [11] , and applied to describe the dispersional and absorptional behavior of the third-order electric polarization induced in liquids consisting of the spherical-top molecule by external reorienting electric fields. The nonlinear-Langevin type relaxation was succesfully measured, as the nonlinear dielectric effect on the frequency of the probe field, by De Smet, Hellemans, Jadżyn, Kȩdziora and co-workers in many papers [14] [15] [16] [17] [18] . The Smoluchowski-Debye equation for the rotational diffusion of symmetric-top molecules was used by Morita and Watanabe in description of optical birefringence [19, 20] , by Dejardin in evaluation of the nonlinear dielectric response [21] , and also by one of us [22] . An elegant solution of the Smoluchowski-Debye equation of asymmetric-top molecules was given by Kalmykov [23] . An excellent and extensive review of dielectric relaxation phenomena in liquids was given by Coffey [24] .
The anomalous rotational diffusion model, given recently by Coffey, Kalmykov, Dejardin, Jadżyn and co-workers [25] [26] [27] , permits, in contrast to the Smoluchowski-Debye approach, investigation of molecular dynamics of the non--Markovian type, and opens wide applications in investigation of dynamic phenomena in liquids. This "anomalous rotational diffusion approach" is based on the non-Markovian equation with non-integer time differential operator and, as an elegant extension both of the Smoluchowski-Debye model and the Cole-Davidson results, includes these two types of relaxation [27] . These modern theories are in good agreement with the ac Kerr effect response experiments, performed on a dilute solution of poly(3-hexylthiophene), by Schimomura and co-workers [28, 25] .
It is our aim to present graphical analysis of the linear and nonlinear dielectric relaxation of rigid, non-interacting symmetric-top dipolar molecules in spherical solvents, the phenomena which are strongly dependent both on the anisotropy of rotational diffusion tensor and on the angle between the molecular dipole and the symmetry axis. In Sect. 2 we derive the formula for the third-order electric polarization induced in the liquids by a strong external reorienting field, which consists of the sum of three terms connected with the "cubic" relaxation functions A xxx 11 (t), A zzz 10 (t), and A xxz 10 (t) + A xzz 11 (t). These functions depend on the parameter of the rotational diffusion anisotropy and on the shape of electric fields and are given for the nonlinear electric susceptibility in Langevin saturation, χ(−ω; ω, 0, 0), in Sect. 3. In Sect. 4 the linear dielectric relaxation is briefly summarized and in Sect. 5 we discuss our results for nonlinear relaxation.
Section 6 contains all the dispersion and absorption graphs. Our results indicate that the spherical-top approximation may be used only in special cases, especially in the nonlinear case, in which the symmetric shape of the molecule cannot be neglected.
Third-order electric polarization induced in the dielectric medium
We consider a dielectric system of the volume V composed of a great number N of dipolar molecules, with the permanent dipole moment of µ. On neglecting the induced molecular polarizabilities and molecular interactions, the Z component of the total dipole moment M Z [E Z (t)] of the system, induced by the time-variable external electric field E Z (t) = E Z g(t), is equal to
where Y lm ≡ Y lm (ϑ, ϕ) are the spherical harmonic functions, depending on the two angles between E Z (t) and the z axis of the molecular coordinate set: the polar ϑ and the azimuthal ϕ ones, i 2 = −1, and the function g(t) describes the shape of the electric field. The components of the permanent dipole moment are:
where Θ, Φ are the angles between µ and the z axis of the molecular coordinate set.
The electric polarization P Z (t) induced in the dielectric is given by the ensemble average
where f [ϑ, ϕ; E Z (t)] denotes the probability distribution function describing the rotational diffusion of a molecule. We assume that the time evolution of the distribution function f ≡ f [ϑ, ϕ; E Z (t)] is governed by the Smoluchowski-Debye rotational diffusion equation for the symmetric-top molecule [19, 20] :
whereL andL Z are the components of the quantum mechanical angular momentum operator but with = 1 and u ≡ u[ϑ, ϕ; E Z (t)] denotes the change in the potential energy of the molecule in an external electric field
where the dimensionless parameters of reorientation of the permanent dipole moment components are
k is the Boltzmann constant, T -absolute temperature and α = x, y. In the Smoluchowski Eq. (3) the dimensionless parameter of the rotational diffusion tensor anisotropy ξ of symmetric-top molecule -
where D xx , D zz are the rotational diffusion constants around the molecular x and z axis, respectively. In the particular case of the spherical-top molecule ξ = 1 and Eq. (3) becomes the well-known Smoluchowski-Debye equation depending on the polar angle ϑ only [9] [10] [11] , which is fundamental for the theories of linear and nonlinear dielectric relaxation [6, 7] , the dynamic Kerr effect [5] , as well as many interesting magnetic relaxation phenomena [6] . The approximate solution of Eq. (3), if p x , p y , p z 1, known as "the low molecular reorientation", is given in [10, 22] .
If the intensity of the external field E Z (t) is sufficiently high, it may induce in the dielectric, in addition to the linear polarization P 
the third-order electric polarization, equal to [9, 10] :
For the "ideal" symmetric-top molecules, i.e. when D xx = D yy = D zz and µ x = µ y = µ z , too, or simply Θ = π/4, Eqs. (7), (8) are reduced to
and
The linear A (t) relaxational functions, depending on the shape of the external reorienting electric fields g(t), parameter ξ of the rotational tensor anisotropy and the rotational relaxation times of the symmetric-top molecule τ lm , can be found from the set of simple linear differential equations [9, 22] , resulting from the Smoluchowski-Debye Eq. (3).
Therefore linear relaxation consists, Eq. (7), of two terms. It is seen from Eq. (8) that nonlinear Langevin relaxation is a superposition of three independent terms. Our treatment may be extended to the case of the polarizable molecules, taking into account the additional term in the potential energy u[ϑ, ϕ; E Z (t)] in Eq. (4).
The rotational diffusion functions of symmetric-top molecule in the presence of constant and harmonic electric fields
Let us consider an external reorienting electric field E Z (t) as a sum of constant and harmonic fields
switching on at the time t = 0. Here ω denotes the frequency of the electric field 
(14) and the abbreviation "c.c." denotes the complex conjugate term. In this paper we neglect transient effects in the rise in time of polarization and describe here only the steady-state polarization, attained by the dielectric medium after a sufficiently long time t τ 10 . In Fig. 1 we plot the ratios
versus the parameter of anisotropy of the rotational diffusion components ξ. We see that for ξ < 1 all these ratios are greater than 1 and for ξ → ∞ these ratios decrease to zero. The cubic reorientational functions A ααα lm (t) for the symmetric-top molecules are of more complicated form and may be obtained from the set of linear differential equations, given in [22] . We have this result 
The function A zzz 10 (t) is the one that determines the rotational relaxation of spherical-top molecules with µ z = 0, µ x = µ y = 0, too, and depends on two relaxation times
Moreover we obtain
where the coefficients a, b are equal to
and finally Equations (15)- (20) represent the essential result of our theory and describe the steady-state of the third-order electric polarization induced in the dielectric medium by a sum of the constant and the harmonic fields, Eq. (11). The dispersion and absorption depend on the symmetric-top molecule orientational relaxation times τ 10 , τ 11 , τ 20 , τ 21 , τ 22 as well as on the complex, nonlinear Debye-Kielich factors R nω lm given by Eq. (13). It is seen from Eqs. (7), (8), (15)- (20) that the anisotropy of the rotational diffusion components ξ may have great significance in the theory of nonlinear dielectric relaxation.
The time independent component of the third-ordered electric polarization Eq. (8) is connected with the term proportional to λ 0 , and may be obtained, in the case of spherical molecules with µ x = µ y = 0, µ z = 0, from the series expansion of the well-known Langevin function L(y), where
We see that the terms in Eqs. (12), (15)- (20) proportional to λ change with the fundamental frequency ω. These components of polarization (8) are measured in the NDE [14] [15] [16] firstly observed in 1936 as "the static positive NDE" in nitrobenzene solutions by Piekara [12] . These studies have soon a long history and are quoted in some monographic papers [7, 8, 13] .
The terms proportional to λ 2 in Eqs. (12), (15)- (20) split into two components -the first, time-independent, and the second, changing with the double frequency 2ω, which describes the generation of the second harmonic polarization in the presence of a strong dc electric field. Various third-order electric polarization phenomena for the spherical-top molecules were discussed in [9] [10] [11] .
Linear dielectric relaxation of non-interacting, rigid, dipolar and symmetric-top molecules
The external electric field Eq. (11) induces, according to Eq. (9) the first--order polarization P (1) (E) , which may be written as a sum of two components
the time-independent polarization
and a harmonic polarization, changing with the fundamental frequency ω, which, according to Eqs. (7), (12) may be written in the form
This harmonic term depends on the real dispersional functions 
sin ψ nω lm = nωτ lm r nω lm (27) as well as on the relaxation times τ 10 , τ 11 .
It is worth noting that Eq. (22) is a special case of the old Perrin formula [2] for linear electric polarization of the dielectric medium consisting of noninteracting rigid, dipolar and asymmetric-top molecules in a cosine electric field
Here τ α are the rotational relaxation times of the asymmetric-top molecule around its α-axis, respectively. This result was extended for the interesting case of asymmetric-top molecules with the rotating dipole groups by Budo and co-workers [3] .
The harmonic component (22) of the linear polarization may be written as
where χ * (−ω; ω) is the complex linear electric susceptibility component with frequency ω of the medium, 0 is the dielectric permittivity of the vacuum. The complex linear susceptibility χ * (−ω; ω) is a sum of the real χ (−ω; ω) and the imaginary χ (−ω; ω) parts Equations (31), (32) describe the linear dielectric relaxation as a superposition of two rotational motions around two perpendicular molecular axes of symmetry. Those rotational motions were observed, for example, by Jadżyn and co-workers [17] , in linear dielectric spectroscopy with the solutions of 4-n-decyloxyphenyl-4 -cyano-benzoate (DOPCB) (or C 10 H 21 -O-Ph-OOC-PH-CN) molecules, for which the dispersional and absorptional spectra are the sum of two components, corresponding to the rotational diffusion around the short and long symmetry axes.
Nonlinear dielectric relaxation in dilute solution of dipolar, symmetric-top molecules in spherical solvent
In this section we will discuss the properties of dispersion and absorption of the Langevin saturation measured in NDE in a dilute solution of dipolar, symmetric-top molecules in spherical solvents. These accurate methods of modern nonlinear dielectric spectroscopy permit measurements of such small effects [14] [15] [16] .
The NDE consists on the induction in the dielectric medium of the nonlinear polarization by the strong constant field E Z and a weak measuring harmonic field E ω cos ωt, Eq. (11), with λ 1. In this case we can neglect in the relaxational functions (15)- (20) The third-order electric polarization (8) may be written in the form
where the real χ (−ω; ω, 0, 0) and imaginary χ (−ω; ω, 0, 0) parts of the complex nonlinear electric susceptibility are equal to
The dispersional behavior and the influence of the molecular shape on the nonlinear susceptibility are described by the functions (46) are the main result of this paper and will be used for detailed graphical analysis of the influence of the symmetric-top shape of the molecule and of the orientation angle Θ between its permanent dipole and the z-molecular axis, on the linear and nonlinear dielectric dispersion and absorption in liquids.
We see from Eqs. (31), (32), (39), (40) that in the special case, when Θ = 0, the dielectric relaxation processes do not depend on the anisotropy parameter ξ, so the spherical-top Smoluchowski-Debye equation is a very good aproximation for the molecules with Θ = 0 but with ξ different from 1.
Our Eqs. (39), (40) [16] , performed by Jadżyn and co-workers, of the dielectric increments of dilute solutions of mesogenic 10-TPEB molecules, for which Θ = 42
• ± 2 • , were successfully explained and the value of the rotational diffusion anisotropy parameter was evaluated as ξ = 8.7 for this molecule. molecule on χ (−ω; ω) is stronger for ξ > 1, for ξ < 1 the changes are smaller. With increasing Θ, the region of dispersion shifts to lower frequencies, as we can comparison with the case ξ = 1 and Θ = 0, especially for ξ > 1. The frequency of the maximal absorption shifts to lower frequencies with increasing ξ and Θ. It is easy to see, especially in Fig. 5 , that the symmetric absorption curves for ξ = 1 change with the values of ξ. For ξ < 1 we observe a shift of the maximum of absorption towards lower frequencies ω. When the parameter ξ is increased the situation becomes opposite and the effect is much stronger. In the latest picture we also observe a significant decrease in absorption in the region of Θ ≈ π/4.
The effect of the nonspherical shape of the molecules is more pronounced in the nonlinear dielectric relaxation. Figure 6 shows the dependences of the nonlinear susceptibility χ (−ω; ω, 0, 0), given by Eq. (39), of the frequency ωτ 20 on the ac electric field, in the logarithmic scale, and on the angle Θ, whereas the projection of the nonlinear susceptibility χ (−ω; ω, 0, 0), given by Eq. (39), on the plane (Θ, log 10 (ωτ 20 )) is plotted in Fig. 7 . The calculations were performed for some values of the anisotropy parameter ξ. We see a distinct shift of the region of dispersion towards the lower frequencies with increasing Θ for all values of the parameter ξ. Moreover, the changes in the dispersion for the angle Θ > π/4 are smaller than for Θ < π/4. Figure 8 shows the dependences of the nonlinear susceptibility χ (−ω; ω, 0, 0), given by Eq. (40), of the frequency ωτ 20 of the ac electric field and of the angle Θ -for some values of the anisotropy parameter ξ ≤ 1.
Finally, the projection of the nonlinear susceptibility χ (−ω; ω, 0, 0), given by Eq. (40), on the plane (Θ, log 10 (ωτ 20 )) is given in Fig. 9 . Our graphs indicate that the maximum value of nonlinear absorption decreases with increasing Θ and is shifted towards lower frequencies for ξ < 1 or Fig. 9 . Maps -projection of the nonlinear susceptibility χ (−ω; ω, 0, 0), given by Eq. (40), on the plane (Θ, log 10 (ωτ20)).
higher frequencies, when ξ > 1. For the case of small values of ξ we can observe - Fig. 9 -a small increase in the absorption in the region of Θ ≈ π/2, but it disappears when ξ is increased.
For Θ = 0 all dispersion and absorption curves are identical with the nonlinear Langevin relaxation, described by the spherical-top rotational diffusion governed by the Smoluchowski-Debye model.
It is our hope that this analysis may be helpful in interpretation of the dielectric relaxation experiments in liquids.
